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Summary

Summary

Two papers prepared.

Constructed the infrastructure to compute the Coulomb distorted
complex formfactors in momentum space.

Supplementary results

Gel’fand-Shilov scheme applied to regularize the folding integrals
with complex formfactors.

Constructed the infrastructure to compute the Coulomb wave
function.

Splines framework constructed to work with the table-defined
formfactors.
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Introduction

Introduction

(d, p) reactions
⇓

Effective Three-Body problem
⇓

Faddeev (AGS) equations

momentum space is preferrable
⇓

Strong interactions in separa-
ble form (Vnp, VnA, VpA)

Calculations in the Coulomb
basis

VnA, VpA ∈ C ⇒ generaliza-
tion of EST scheme

Screening brakes down at Z ∼
20

Proof of principles

Calculation of Coulomb distorted nuclear formfactors.
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Introduction

Separable representation

Separable t-matrix:

tl(E) =
∑
ij

u|fl,Ei〉τij(E)〈f∗l,Ej |u.

The formfactors:

ul,i(q) ≡ 〈q|u|fl,Ei
〉 = tl(q, ki, Ei),

ul,i(q
′) ≡ 〈f ∗l,Ei

|u|q′〉 = tl(q
′, ki, Ei).

tl(q, ki, Ei) is a half-shell t-matrix at Ei = k2
i /2µ.
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Introduction

The Coulomb distorted formfactors:

uCl,i(q) ≡ 〈ψCl,q|u|fl,Ei〉 =
1

2π2

∫
dp p2ul,i(p)ψ

C
l,q(p)

∗
,

uCl,i(q)
† ≡ 〈f∗l,Ei |u|ψ

C
l,q〉 =

1

2π2

∫
dp p2ul,i(p)ψ

C
l,q(p).

NOTE

Both values are required due to the generalization of EST scheme for
complex potentials.
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Road overview

Roadmap

uCl,i(q) =
1

2π2

∫
dp p2ul,i(p)ψ

C
l,q(p)

∗
,

uCl,i(q)
†

=
1

2π2

∫
dp p2ul,i(p)ψ

C
l,q(p).

Two milestones

Reliable and accurate numerical implementation for ψCl,q(p) (CPC
manuscript).

Regularization of the integral with the oscillatory singularity for
the complex formfactors (PRC manuscript).
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Representations of ψC
l,q(p)

Representations of ψCl,q(p)

General expression for ψCl,q(p)

containsa the Associated Legendre Function of the 2-nd kind Qiηl (ζ).

aζ = (p2 + q2)/2pq.

To compute it

Qiηl (ζ) must be represented in terms of hypergeometric functions

2F1(a, b; c; z).

Two representations

For p ≈ q the ‘pole proximity’ representation is valid (Eq. (9) in
CPC manuscript).

And for p far away from q another, ‘regular’ representation is
required (Eq. (12) in CPC manuscript).

Vasily Eremenko (OU) Report @ TORUS ann. meeting 2014-06-09 7 / 19



Representations of ψC
l,q(p)

Representations of ψCl,q(p)

General expression for ψCl,q(p)

containsa the Associated Legendre Function of the 2-nd kind Qiηl (ζ).

aζ = (p2 + q2)/2pq.

To compute it

Qiηl (ζ) must be represented in terms of hypergeometric functions

2F1(a, b; c; z).

Two representations

For p ≈ q the ‘pole proximity’ representation is valid (Eq. (9) in
CPC manuscript).

And for p far away from q another, ‘regular’ representation is
required (Eq. (12) in CPC manuscript).

Vasily Eremenko (OU) Report @ TORUS ann. meeting 2014-06-09 7 / 19



Regularization

Regularization

uCl,i(q) =
1

2π2

∫
dp p2ul,i(p)ψ

C
l,q(p)

∗
.

Oscillatory singularity

inside the ψCl,q(p):

S±(p− q) = lim
γ→+0

1

(p− q ± iγ)1±iη .

The irregular part of the integral

have the form:

I± = lim
γ→+0

∫ ∆

−∆
dx

ϕ(x)

(x± iγ)1±iη .

(
ϕ(0) 6= 0

ϕ′(0) 6= 0

)
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Regularization

Gel’fand-Shilov regularization

I± = lim
γ→+0

∫ ∆

−∆
dx

ϕ(x)

(x± iγ)1±iη .

Final result

I± = (1− e−πη)
[∫ ∆

0
dx
ϕ(x)− ϕ(0)− ϕ′(0)x

x1±iη

± iϕ(0)

η
∆∓iη +

ϕ′(0)

1∓ iη
∆1∓iη

]
.

Illustration

ϕ(x) = 1 + x+ x2, Ja(x) = ϕ(x)S+(x),

Jb(x) = [ϕ(x)− ϕ(0)]S+(x), Jc(x) = [ϕ(x)− ϕ(0)− ϕ′(0)x]S+(x).
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Regularization

Illustration
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Regularization

Calculating uCl,i(q)

uCl,i(q) =
1

2π2

∫
dp p2ul,i(p)ψ

C
l,q(p)

∗
.

Around the singular point

ψCl,q(p) = A
[

B(p)

(p− q + i0)1+iη
− B(p)∗

(p− q − i0)1−iη

]
.

ul,i(p) ∈ C ⇒ both terms must be regularized separately.

Details

See Appendix B in PRC manuscript.
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Selected topics

Selected topics

Switching between representations of ψCl,q(p).

Accuracy of our implementation of ψCl,q(p).

Accuracy of the integration procedure.

Illustrations.

Simple test problem.
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Selected topics

Switching between representations of ψCl,q(p)

Fast ‘raw’ criterium

If the regular representation’s 4-th argument of the 2F1(. . .) is smaller,
than the same one from the pole proximity representation ⇒ choose
regular representation.

p 6 0.3q; p > 3.4q.

Slow ‘fine’ criterium

∀p 6= q, p ∈ (0.3q, 3.4q) : if |=mD/<eD| > 10−6 ⇒ choose pole
proximity representationa.

aSee Eq. (13) in CPC manuscript for D.

Vasily Eremenko (OU) Report @ TORUS ann. meeting 2014-06-09 13 / 19



Selected topics

Switching between representations of ψCl,q(p)

Fast ‘raw’ criterium

If the regular representation’s 4-th argument of the 2F1(. . .) is smaller,
than the same one from the pole proximity representation ⇒ choose
regular representation.

p 6 0.3q; p > 3.4q.

Slow ‘fine’ criterium

∀p 6= q, p ∈ (0.3q, 3.4q) : if |=mD/<eD| > 10−6 ⇒ choose pole
proximity representationa.

aSee Eq. (13) in CPC manuscript for D.

Vasily Eremenko (OU) Report @ TORUS ann. meeting 2014-06-09 13 / 19



Selected topics

Accuracy of ψCl,q(p)

Numerical tests

Against Neelam’s implementation (explicit γ and fixed switching
points).

Against Mathematica
TM R© c©$£ implementation.

Results

Agree with Neelam’s implementation.

Coinside with Mathematica
TM R© c©$£ implementation with

σ 6 5 · 10−7 within the region of applicabilitya.

σ = |a− b|
/
{|a|, |b|} .

aSee Sect. 5 in CPC manuscript.
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Selected topics

Accuracy of uCl,i(q)

Numerical tests

Against Mathematica
TM R© c©$£ implementation with Yamaguchi

formfactor ⇒ σ < 1 · 10−4 with reasonable runtime.

Accuracy depends on

Number of quadrature points.

Accuracy of the formfactor.
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Selected topics

Formfactors
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Selected topics

Role of the singularity
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Selected topics

Simple test
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Selected topics

The intrigue
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