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Significance of Coulomb
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Coulomb dominates!
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Treatment of Coulomb: Coordinate space

Coulomb potential: V C(r) =
Z1 Z2 e

2

r

Screened Coulomb potential:

lim
R→∞

V R(r) = lim
R→∞

V C(r) ξ(r,R)

where ξ(r,R) is a damping function
R is screening radius
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Treatment of Coulomb: Momentum space (Conventional)
b A. Deltuva et al., PRC71, 054005 (2005).

V (R) = V N + V R

with V N : Nuclear Potential
V R: screened Coulomb Potential

Two potential formula −→ T
(R)
l = TNRl + TRl

T
(R)
l −→ f

(R)
l

Re-normalized Coulomb scattering amplitude:

f
(C)
l −→ lim

R→∞
eiφ(k,R) f

(R)
l eiφ(k,R) ≡ lim

R→∞
f̃ (R)(k)

where φ(k,R) is the renormalization phase factor.

Problem: As R → ∞, φ(k,R) → ∞ =⇒ f̃ (R)(k) will not converge!!
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New method to handle coulomb in momentum space
b A. M. Mukhamedzhanov et al., PRC86, 034001 (2012).

3 Separable potential: V n
l (q′, q) =

n∑
i,j=1

hl,i(q
′)λl,ij hl,j(q)

3 Construct a coulomb distorted potential:

ZSCl (p, pα) =

∫
dp′ p′2

2π2
Vl(p, p

′) ψCpαl(p
′)

where, pα : incoming momentum

Vl(p, p
′) : separable potential

ψCpαl(p
′) : coulomb wave function
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Approach to test new method

ZSCl (p, pα) =

∫
dp′ p′

2

2π2
Vl(p, p

′) ψCpαl(p
′)

3 ψCpαl(p
′): Study functional behaviour
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Coulomb wave function [ψCpαl(p
′)]

b A. M. Mukhamedzhanov et al., PRC86, 034001 (2012).

ψCpαl(p
′) =

−4π e−ηαπ/2

p′

(
(p′ + pα)2 + γ2

4p′pα

)l
× Γ(1 + iηα) eiαl

× lim
γ→+0

Im

{[
e−iαl

(p′ + pα + iγ)iηα−1

(p′ − pα + iiγ)iηα+1

× 2F1

(
−l,−l − iηα; 1 − iηα;

(p′ − pα)2 + γ2

(p′ + pα)2 + γ2

)]
+ γ

[
.......

]}
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Coulomb wave function [ψCpαl(p
′)]: Functional Behaviour

p+12C @ Ecm = 10 MeV:
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Coulomb wave function [ψCpαl(p
′)]: Functional Behaviour

p+208Pb @ Ecm = 8 MeV:
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Artificial singularity at low momenta is because of wrong expansion
of hypergeometric function!!
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Coulomb wave function [ψCpαl(p
′)]: 2 Definitions

ψCpαl(p
′) =

−4π e−ηαπ/2

p′

(
(p′ + pα)2 + γ2

4p′pα

)l
× Γ(1 + iηα) eiαl

× lim
γ→+0

Im

{[
e−iαl

(p′ + pα + iγ)iηα−1

(p′ − pα + iiγ)iηα+1

× 2F1

(
−l,−l − iηα; 1 − iηα;

(p′ − pα)2 + γ2

(p′ + pα)2 + γ2

)]
+ γ

[
.......

]}

ψCpαl(p
′) at low & high momenta:

ψCpαl(p
′) = −2π e−ηαπ/2 (p′ pα)l

[
Γ(l + 1 + iηα)Γ( 1

2
)

Γ(l + 3
2

)

]

× lim
γ→+0

{[(
2(p′2 − (pα + iγ)2)iηα

(p′2 + p2α + γ2)l+iηα+1

)(
ηα(pα + iγ)

p′2 − (pα + iγ)2
−

γ(l + iηα + 1)

p′2 + p2α + γ2

)

× 2F1

(
l + iηα + 2

2
,
l + iηα + 1

2
; l +

3

2
;

4p′2p2α
(p′2 + p2α + γ2)2

)]
+ γ

[
.......

]}

Switch:
4p′

2
p2
α

(p′2 + p2
α + γ2)2

=
(p′ − pα)2 + γ2

(p′ + pα)2 + γ2
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Approach to test new method

ZSCl (p, pα) =

∫
dp′ p′

2

2π2
Vl(p, p

′) ψCpαl(p
′)

3 ψCpαl(p
′): Study functional behaviour

3 Vl(p, p
′):

1 Realistic Case: Separable potential
(Provided by L. Hlophe & Prof. Elster, OU).

2 Demonstration:

V (p,p′) = − 2µ12 Z1 Z2 e
2

(p − p′)2 + K2
−→ Yamaguchi form

Vl(p, p
′) = − ηα pαQl(ξ)

pp′

(
where, ξ =

p2 + p′
2

+ K2

2pp′

)

3 p = pα

ZSCl (pα, pα) =

∫
dp′ p′2

2π2
Vl(pα, p

′) ψCpαl(p
′)
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Integrand: Functional Behaviour
Vl(pα, p

′) −→ Yamaguchi form

Il(p
′) =

p′2

2π2
Vl(pα, p

′) ψCpαl(p
′)

p+12C @ Ecm = 10 MeV:

0.5 0.6 0.7 0.8 0.9

p’ [1/(fm-c)]

-15

-10

-5

0

5

R
e

 (
I 0

)

l = 0

0.5 0.6 0.7 0.8 0.9

p’ [1/(fm-c)]

-1

0

1

2

3

Im
 (

I 0
)

0.5 0.6 0.7 0.8 0.9

p’ [1/(fm-c)]

-2

-1

0

1

R
e

 (
I 1

0
) 

x
 1

0
-8 l =10

0.5 0.6 0.7 0.8 0.9

p’ [1/(fm-c)]

-2

-1

0

Im
 (

I 1
0
) 

x
 1

0
-8

0.5 0.6 0.7 0.8 0.9

p’ [1/(fm-c)]

-3

-2

-1

0

1

R
e

 (
I 4

) 
x
 1

0
-3 l = 4

0.5 0.6 0.7 0.8 0.9

p’ [1/(fm-c)]

-1.5

-1

-0.5

0

0.5

Im
 (

I 4
) 

x
 1

0
-3

0.5 0.6 0.7 0.8 0.9

p’ [1/(fm-c)]

-10

-5

0

5

R
e

 (
I 2

0
) 

x
 1

0
-1

7

l =20

0.5 0.6 0.7 0.8 0.9

p’ [1/(fm-c)]

-15

-10

-5

0

5

Im
 (

I 2
0
) 

x
 1

0
-1

7

TORUS Annual Meeting June 11-12, 2013 10



Integrand: Functional Behaviour
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Behaviour of Integral

Integral: ∫ ∞
0

dp′ p′2

2π2
Vl(pα, p

′)ψCpαl(p
′)

Vl(pα, p
′) −→ well-behaved function

ψCpαl(p
′) −→ contains singularity!

∫ ∞
0

dp′ p′
2

2π2
Vl(pα, p

′)ψCpαl(p
′) =

∫ pα−∆

0

..... +

∫ pα+∆

pα−∆

..... +

∫ ∞
pα+∆

.....

Regular

Irregular (containing singularity)
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Regularization: Gel’Fand-Shilov Method

∫ pα+∆

pα−∆

..... −→
∫ pα+∆

pα−∆

φ(p′ − pα)

(p′ − pα + iγ)iηα+1
dp′

=

∫ pα+∆

pα−∆

dp′

[
φ(p′ − pα)− φ(pα) − (p′ − pα + iγ)φ′(pα)

]
(p′ − pα + iγ)iηα+1

+
iφ(pα)

ηα

[
(∆ + iγ)−iηα − (−∆ + iγ)−iηα

]

+
φ′(pα)

(1− iηα)

[
(∆ + iγ)1−iηα − (−∆ + iγ)1−iηα

]
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Finally, what we want?

Vl(pα, p
′) −→ Yamaguchi form

ZSC
l (pα, pα)

ZSCl (pα, pα) =

∫ ∞
0

dp′ p′
2

2π2
Vl(pα, p

′)ψCpαl(p
′)

=

∫ pα−∆

0

... +

∫ pα+∆

pα−∆

... +

∫ ∞
pα+∆

...

How to estimate ∆? −→ Vasily’s talk

Dependence of ZSC
l (pα, pα) on ∆
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Dependence of ZSC
l (pα, pα) on ∆

Mathematica Results
Vl(pα, p

′) −→ Yamaguchi form

Vasily’s Estimation of ∆: 10−6

p+12C @ Ecm = 10 MeV:
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Dependence of ZSC
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Mathematica Results
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Vasily’s Estimation of ∆: 10−6

p+12C @ Ecm = 10 MeV:
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Dependence of ZSC
l (pα, pα) on ∆

Mathematica Results
Vl(pα, p

′) −→ Yamaguchi form

Vasily’s Estimation of ∆: 10−6

p+208Pb @ Ecm = 8 MeV:
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Finally, what we want?
Vl(pα, p

′) −→ Yamaguchi form

ZSC
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dp′ p′
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2π2
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0

... +

∫ pα+∆

pα−∆

... +

∫ ∞
pα+∆
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How to estimate ∆? −→ Vasily’s talk

Dependence of ZSC
l (pα, pα) on ∆

ZSC
l (p, pα)

ZSCl (p, pα) =

∫ ∞
0

dp′ p′
2

2π2
Vl(p, p

′)ψCpαl(p
′)
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ZSC
l (p, pα): Mathematica Results

Vl(p, p
′) −→ Yamaguchi form

ZSCl (p, pα) =

∫ ∞
0

dp′ p′2

2π2
Vl(p, p

′)ψCpαl(p
′)

p+12C @ Ecm = 10 MeV:
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ZSC
l (p, pα): Mathematica Results

Vl(p, p
′) −→ Yamaguchi form

ZSCl (p, pα) =

∫ ∞
0

dp′ p′2

2π2
Vl(p, p

′)ψCpαl(p
′)

p+208Pb @ Ecm = 8 MeV:
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Approach to test new method

ZSCl (p, pα) =

∫
dp′ p′

2

2π2
Vl(p, p

′) ψCpαl(p
′)

3 ψCpαl(p
′): Study functional behaviour

3 Vl(p, p
′):

1 Realistic Case: Separable potential
(Provided by L. Hlophe & Prof. Elster, OU).

2 Demonstration:

V (p,p′) = − 2µ12 Z1 Z2 e
2

(p − p′)2 + K2
−→ Yamaguchi form

Vl(p, p
′) = − ηα pαQl(ξ)

pp′

(
where, ξ =

p2 + p′
2

+ K2

2pp′

)
3 p = pα

ZSCl (pα, pα) =

∫
dp′ p′2

2π2
Vl(pα, p

′) ψCpαl(p
′)

Study in progress!
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