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Wood-Saxon potential Fourier transform

• Coordinate space potential

where

• From contour Integration (thanks R. C. Johnson)

June 22, 2012

1 Optical potential for n-48Ca

1.1 Coordinate Space

1.1.1 Solving the Hamiltonian for nucleon-target scattering

The Hamiltonian is written as
H = Tr + U(r), (1)

with the optical potential
U(r) = Unucl(r) + Ucoul(r). (2)

In case of proton-nucleus scattering the Coulomb potential Ucoul(r) is given by

Ucoul(r) =
Z1Z2 e2

2Rc

(

3 −
r2

R2
c

)

if r ≤ Rc

=
Z1Z2 e2

r
if r ≥ Rc (3)

The short-range nuclear potential Unucl(r) is given by

Unucl(r) = V (r) + i (W (r) + Ws(r)). (4)

The real part of the potential is of Wood-Saxon form,

V (r) =
−Vr

1 + exp
(

r−Rr

ar

) , (5)

where Rr = rr A
1/3
1 . A1 is target mass number.

The imaginary part of the potential consists of two pieces, a Wood-Saxon shape,

W (r) =
−Vi

1 + exp
(

r−Ri

ai

) , (6)

where Ri = ri A
1/3
1 and a surface potential

Ws(r) =
−Vs × 4 × exp

(

− (r−Rs)
as

)

(

1 + exp
(

− (r−Rs)
as

))2 , (7)

with Rs = rs A
1/3
1 .

If we want to represent the surface term as derivative of a Wood-Saxon, we need to use
the following relation

Ws(r) = −4as
d

dr
W̃s(r), (8)
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1.2 Momentum Space

1.2.1 Fourier Transform of the Wood-Saxon Potential

For the representation of the Wood-Saxon potential and its derivative in momentum space,
the Fourier transforms of Eqs. (5),(6), and (7) need to be taken. Let us define the function

V̄ (r) =
V0

1 + exp
(

r−R0

a

) . (13)

The Fourier transform is then evaluated as

V̄ (q) =
4πV0

q

∫

∞

0
dr rV̄ (r) sin(qr). (14)

Defining dimensionless variables k = qa, z = r/a and sin(qr) = sin(kz) = ! exp(ikz) we
obtain

V̄ (q) =
4πa2V0

q
! I(k), (15)

where

I(k) =
∫

∞

0

dz zeikz

1 + ez e−R0/a
. (16)

Integrating along a contour in the first quadrant and picking the first pole leads to

V̄ (q) = 8πVr
1

(2π)3

×
{

πae−πaq

q (1− e−2πaq)2
[

R0

(

1− e−2πaq
)

cos (qR0)− πa
(

1 + e−2πaq
)

sin (qR0)
]

−a3e−
R0

a





1

(1 + a2q2)2
−

2e−
R0

a

(4 + a2q2)2





}

. (17)

Here the momentum transfer is given by q = k′ − k, so that
|q| =

√
k′2 + k2 − 2k′k cos θ. Then, the final expression for the Fourier transform of the

Wood-Saxon potential of Eq. (5) is given as

V̄ (q) =
Vr

π2

{

πae−πaq

q (1− e−2πaq)2
[

R0

(

1− e−2πaq
)

cos (qR0)− πa
(

1 + e−2πaq
)

sin (qR0)
]

−a3e−
R0

a





1

(1 + a2q2)2
−

2e−
R0

a

(4 + a2q2)2





}

, (18)

where Vr is a positive number. If the momenta are given in 1/fm, the dimension of V̄ (q)
is fm2.

The imaginary part of the optical potential has the central term W (r) of Eq. (6), which
leads to a potential W̄ (q) with the same function form as given in Eq. (18).

4

The surface term Ws(r) of Eq. (8) is given by the derivative of the central term multi-
plied with −4as. The momentum space form of the surface term is given as

W̄s(q) = −4as
Vs

π2

{

πae−πaq

(1− e−2πaq)2
[ (

πa
(

1 + e−2πaq
)

−
1

q

(

1− e−2πaq
) )

cos(qRs) +Rs

(

1− e−2πaq
)

sin(qRs)
]

+ a2e−Rs/a

[

1

(1 + a2q2)2
−

4e−Rs/a

(4 + a2q2)2

]}

, (19)

where Ws is a positive number. For two different energies Ec.m. the potential contributions
are shown as function of the momentum transfer in Fig. 2.
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Figure 2: The real and imaginary parts to of the n+48Ca optical potential as function
of the magnitude of the momentum transfer |q| for center-of-momentum energies 5 MeV
(top) and 45 MeV (bottom). The calculations use Rr = rr(A1/3 + 1).
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Scattering properties
• Lippmann-Schwinger equation

- solved as linear system with zgesv from lapack (~50 pts)

• partial wave projection

- evaluated by Gauss-Legendre integration (~ 15 pts)

•  transition amplitude and S-matrix
 

• phase shifts and inelasticity

1.2.2 Partial Wave Decomposition and Lippmann-Schwinger Equation

For obtaining the partial wave t-matrix and s-matrix elements as well as the phase shifts,
we solve the partial wave Lippmann-Schwinger equation

tl(k, k
′) = vl(k, k

′) +
∫

∞

0
dk′′ k′′2 vl(k, k

′′)
1

E − k′2/2µ+ iε
tl(k

′′, k′), (20)

where the total kinetic energy of the system in the center-of-momentum (c.m.) frame is
given by

Ec.m. =
k2
0

2µ
, (21)

where µ is the reduced mass of the system. The relation

Ec.m. = Elab
µ

m1
(22)

with m1 being the mass of the projectile is used to relate the c.m. energy to the laboratory
energy.

The partial wave projection of the potential is given by

vl(k, k
′) = 2π

∫ 1

−1
d cos θPl(cos θ) U

(√
k2 + k′2 − 2kk′ cos θ

)

. (23)

Here U(q) = V̄ (q)+i(W̄ (q)+W̄s(q)) from Eqs. (18) and (19). The partial wave projection
of Eq. (23) is carried out numerically. The s-wave projections of the real and imaginary
part of U are given in Fig. 3, and the p-wave projections in Fig. 4

The partial wave projected half-shell potential matrix elements are

For q = 0 the momentum space potential has finite, analytic values, which are given
in Table 1.

Ecm [MeV] V (q = 0) [fm2] W (q = 0) [fm2] Ws(q = 0) [fm2]

5 -0.811538 -0.0182725 -0.114987
45 -0.610072 -0.0908224 -0.0714240

Table 1: Numerical values for the potential at q = 0 for two different c.m. energies

In order to calculate partial wave s-matrix elements or phase shifts, we first define the
partial wave s-matrix as

sl(E) = 1 + 2i τl(E), (24)

where E ≡ Ec.m. and the dimensionless amplitude

τl(E) = −πµk0 tl(k0, k0), (25)

with k0 being defined in Eq. (21). For simplicity the energy dependence of s-matrix
elements as well as phase shifts will be omitted in the following. In terms of phase shifts,
the partial wave s-matrix element reads

sl = ηle
2iδl , (26)
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Figure 3: The real and imaginary parts to of the s-wave projected half-shell n+48Ca
optical potential as function of k for fixed momentum p, where p2 = 2µEc.m.. The top
panel shoes Ec.m. = 5 MeV, the bottom panel Ec.m. = 45 MeV. The calculations use
Rr = rr(A1/3 + 1).

with 0 ≤ ηl ≤ 1, so that |sl| ≤ 1. If the potential is real, one has ηl = 1. For the real and
imaginary parts of τl one obtains

" τl =
ηl
2

sin 2δl

# τl =
1

2
−

ηl
2

cos 2δl. (27)

From this one obtains

δl =
1

2
arctan

(

"τl
1
2 − #τl

)

ηl =
√

1 + 4 [("τl)2 + (#τl)2 − #τl] . (28)
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p-space, r-space comparison: phase shifts

• k-space : code LH

• r-space  : code CE

• Neelam : Fresco

Elab [MeV] δ0 [deg]
k− space r− space

5 12.645 12.644
10 -41.514 -41.516
20 -74.221 -74.220
40 -0.130 -0.132
50 -26.0297 -26.0296

Table 2: s-wave phase shifts calculated with the real potential V (r) of Eq. (5) using the
n−48Ca parameters extracted from FRESCO. The calculations use Rr = rr(A1/3 + 1).

the phase shifts.

Elab [MeV] Ecm [MeV] δ0 [deg]
k− space r− space Neelam

5.00 4.897 -64.068 -64.071 -64.222
10.00 9.794 74.685 74.685 74.570
20.00 19.588 22.463 22.462 22.379
40.00 39.176 -38.026 -38.027 -38.084
50.00 48.970 -58.696 -58.697 -58.746

Table 3: s-wave phase shifts calculated with the real potential V (r) of Eq. (5) using the
n−48Ca parameters extracted from FRESCO. The 3rd column lists the values Neelam
obtained for this case with FRESCO.
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p-space, r-space comparison:  bound states 

• bound state code :  solves the equation

• returns  wave function and binding energy
solved as linear system with dgeev from lapack

n = 2 n = 1
l=0 15.709 37.805
l=1 5.1157 28.295
l=2 17.691

Table 4: Bound state energies of the Wood-Saxon potential of Eq. (5) with the parameters
given in the text for angular momenta l=0,1,2. The binding energies are given in MeV.
The value of h̄c = 197.3286 MeV fm is used.

n = 2 n = 1 n = 2 n = 1
bound state code Fresco

l=0 15.7097 37.805 16.0284 37.9552
l=1 5.1160 28.295 5.4322 28.5426
l=2 17.691 18.03
l=3 6.5228

Table 5: Bound state energies of the Wood-Saxon potential of Eq. (5) with the parameters
given in the text for angular momenta l=0,1,2. The binding energies are given in MeV.
The value of h̄c = 197.32705 MeV fm is used.

+
∫

d3q
〈k|v|Ψ(+)

q 〉〈Ψ(+)
q |v|k′〉

z − Eq
. (35)

For z → EB ≡ −|EB|, t(z) has a pole with residue

〈k|v|ΨB〉〈ΨB|v|k′〉 := hB(k)h
∗

B(k
′), (36)

where hB(k) ≡ 〈k|v|ΨB〉 is the vertex function or form factor. Obviously, since any given
bound state has specific quantum numbers, in the vicinity of this bound state the t-matrix
in this channel will take the form

t(z) &
v|ΨB〉〈ΨB|v

z + EB
. (37)

Here channel indices are omitted. This leads to an ansatz for a separable potential in this
channel as

V ≡ v|ΨB〉〈ΨB|v (38)

The general form of a rank-1 separable t-matrix is given as

t(z) = |h〉τ(z)〈h| =
|h〉〈h|

1
λ − 〈h|g0(z)|h〉

, (39)

which has a pole at

1

λ
= 〈ΨB|vg0(−EB)v|ΨB〉 = 〈ΨB|v

1

z + EB
v|ΨB〉 = 〈ΨB|v|ΨB〉, (40)
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k− space r− space Neelam

5.00 4.897 -64.068 -64.071 -64.222
10.00 9.794 74.685 74.685 74.570
20.00 19.588 22.463 22.462 22.379
40.00 39.176 -38.026 -38.027 -38.084
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Table 3: s-wave phase shifts calculated with the real potential V (r) of Eq. (5) using the
n−48Ca parameters extracted from FRESCO. The 3rd column lists the values Neelam ob-
tained for this case with FRESCO.

1.2.4 Partial Wave Decomposition and Bound State Equation

For the bound state equation in momentum space we start with

|Ψb〉 =
1

Eb − p2

2µ

V |Ψb〉 (29)

Using the same basis states |plm〉 for fixed l and m with

〈p′|plm〉 ≡
δ(p′ − p)

p′p
Y m
l (p̂′) (30)

and
∑

lm

∫

dpp2|plm〉〈plm| = 1 (31)

and 〈plm|V |p′l′m′〉 = δl′lδm′mvl(p, p′) the partial wave bound state equation reads

ψl(p) =
1

Eb,l − p2

2µ

∫

dp′p′2vl(p, p
′)ψl(p

′), (32)

which gives Eb,l and ψl(p) for a given l.

The numerical implementation is carried out in the code boundstate.f90 which solves
Eq. (32) as eigenvalue equation with eigenvalue λ = 1 for the correct binding energy Eb,l
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Unitary Pole Approximation (UPA)

• two body t-matrix

• spectral representation 

• leads to

• Hence for           
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and 〈plm|V |p′l′m′〉 = δ)l′lδm′mvl(p, p′) the partial wave bound state equation reads

ψl(p) =
1

Eb,l − p22µ

∫

dp′p′2v)l(p, p′)ψl(p
′), (32)

which gives Eb,l and ψl(p) for a given l.

The numerical implementation is carried out in the code boundstate.f90 which solves
Eq. (32) as eigenvalue equation with eigenvalue λ = 1 for the correct binding energy Eb,l

using the LAPACK routine dgeev. The code was tested with the known bound state of
the Malfliet-Tjon NN potential.

With a simplified version of the real Wood-Saxon potential of Eq. (5), in which Vr =
−48.85 MeV, Rr = 1.25 ∗ 481/3 fm, and ar = 0.65 fm the following binding energies are
obtained:

1.3 Separable Representations

1.3.1 Unitary Pole Approximation (UPA)

At first we study the unitary pole approximation (UPA), which expands a given t-matrix
around its bound state poles. In the derivation we follow Ref. [1], which uses the UPA
and extends its basic concept to positive energies. Consider a two-body t-matrix

t = v + vgv, (33)

which in a partial wave representation is given in Eq. (20). Inserting the spectral repre-
sentation

1 =
∑

B

|ΨB〉〈ΨB|+
∫

d3k|Ψ(+)
k 〉〈Ψ(+)

k | , (34)

leads to

〈k|t(z)|k′〉 = 〈k|v|k′〉+
∑

B

〈k|v|ΨB〉〈ΨB|v|k′〉
z − Eb
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For z → EB ≡ −|EB|, t(z) has a pole with residue

〈k|v|ΨB〉〈ΨB|v|k′〉 := hB(k)h
∗
B(k

′), (36)

where hB(k) ≡ 〈k|v|ΨB〉 is the vertex function or form factor. Obviously, since any given
bound state has specific quantum numbers, in the vicinity of this bound state the t-matrix
in this channel will take the form

t(z) & v|ΨB〉〈ΨB|v
z + EB

. (37)

Here channel indices are omitted. This leads to an ansatz for a separable potential in this
channel as

V ≡ v|ΨB〉〈ΨB|v (38)

The general form of a rank-1 separable t-matrix is given as

t(z) = |h〉τ(z)〈h| = |h〉〈h|
1
λ − 〈h|g0(z)|h〉

, (39)

which has a pole at

1

λ
= 〈ΨB|vg0(−EB)v|ΨB〉 = 〈ΨB|v

1

z + EB
v|ΨB〉 = 〈ΨB|v|ΨB〉, (40)

where for the last equality the Schrödinger equation has been employed. With this, the
rank-1 separable t-matrix of Eq. (39) becomes

t(z) =
v|ΨB〉〈ΨB|v

〈ΨB|(v − vg0(z)v)|ΨB〉
(41)

and is known under unitary pole approximation.

For our explicit calculations Eq. (41) is taken for a specific angular momentum, so that

tl(k
′, k, z) = 〈k′|vl|Ψl

B〉 τl(z) 〈Ψl
B|vlk〉 = hl

B(k
′)τl(z)h

l
B(k), (42)

where for a real potential hl
B(k) = (hl

B(k))
∗,

hl
B(k) =

∫
dk′k′2 vl(k, k

′) Ψl
B(k

′) (43)

and

τ−1
l (z) =

∫
dkk2

∫
dk′k′2 Ψl

B(k) vl(k, k
′) Ψl

B(k
′)−

∫
dkk2 |hl

B(k)|2

z − k2

2µ + iε
(44)

With this formulation a square well potential adjusted to reproduce the deuteron binding
energy was used in Ref. [2] to illustrate the formulation of Ref. [1]. We used Eqs. (42)
through (44) to reproduce the UPA s-wave calculation in Fig. 1 of Ref. [2]. Our calculation
is shown in Fig. 7 and compared to the exact s-wave phase shift obtained by the square
well potential.
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UPA

• Ansatz for separable potential

• rank-1 t-matrix

• at the pole

• t-matrix becomes 

• Explicitly

• with
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v|ΨB〉 = 〈ΨB|v|ΨB〉, (40)

where for the last equality the Schrödinger equation has been employed. With this, the
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t(z) =
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For our explicit calculations Eq. (41) is taken for a specific angular momentum, so that
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and

τ−1
l (z) =
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B(k) vl(k, k
′) Ψl

B(k
′)−

∫
dkk2 |hl

B(k)|2

z − k2

2µ + iε
(44)

With this formulation a square well potential adjusted to reproduce the deuteron binding
energy was used in Ref. [2] to illustrate the formulation of Ref. [1]. We used Eqs. (42)
through (44) to reproduce the UPA s-wave calculation in Fig. 1 of Ref. [2]. Our calculation
is shown in Fig. 7 and compared to the exact s-wave phase shift obtained by the square
well potential.
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In the case where p is taken to be of rank 1, Eqs.
(1.9) and (1.10) reduce to

I 4k) I ) 0 (y ([y yg(+)(k2) y](y )
and

&~,iP- «t'(")~ll~, )
A detailed discussion of the theory which underlies
this procedure for constructing separable approxi-
mations to potentials may be found in Ref. 1 and
2.

II. SEPARABLE APPROXIMATION
TO A SQUARE WELL

We examine the separable approximation to a
local, attractive square-well potential. We choose
the depth of the potential to be V, = -38.5 Me& and
the radius to be a -1.93 fm, i.e., k coska —yp sinks

k sinka+y, coska ' (2.2)

Because we have chosen to fit at the bound-state
energy, the rank-1 separable approximation
presented here is just the well-known unitary pole
approximation' (UPA). The UPA approximation
for a local, attractive square well has been treated
by Reiner' and Levinger, Lu, and Stagat. ' As
noted by Brayshaw and Buck, ' the case of the
square well is a particularly favorable case. The
UPA has also been examined as an approximation
to the Reid soft-core singlet' and triplet' poten-
tials. A general examination of the accuracy of
the UPA at positive energies has been presented
by Levinger and O'Donoghue. "
The separable approximation to the potential in

Eq. (2.1) was examined for a rank-1 (the UPA)
approximation and a rank-2 approximation. The
s-wave phase shifts for the square well are given
by

V(r) = 0 y&a (2.1)
where

This potential produces an s-wave bound state of
binding energy 2.225 MeU (the binding energy of
the deuteron) and has a range which makes the
potential an approximation to a nucleon-nucleon
potential. The square-well form was chosen
because its solutions are known analytically, ' a
circumstance which greatly simplifies the calcula-
tion.

and

y, =k co% a (2 &)

2mVO
y

(2.4)

For reasons of convenience, the phase shifts for
the separable potentials were found from the K

RSO 500

FIG. 1. S-wave phase shifts. The phase shifts for
the local potential are shown by the solid curve above.
The potential is an attractive square well of potential
depth -38.5 MeV and radius 1.93 fm, with one bound
state of -2.225 MeV. The rank-1 separable approxi-
mation to this local potential, fit at -2.225 MeV, has
phase shifts shown by the dash-dotted curve. The dashed
curve shows the phase shifts for the rank-2 separable
approximation, which is fitted at -2.225 and 250 MeV.
The horizontal axis is the incident energy in MeV and
the vertical axis is the phase shift.

FIG. 2. Separable potentials. The rank-1 potential
function -(r) v) defined by Zq. (1.8) is shown by the
dotted curve above. The rank-2 potential functions
-(r[ v&) and (r~ v2) [also given by Zq. (1.8)] are shown
above by the solid and dashed curves, respectively.
The rank-1 potential is fitted at -2.225 MeV and the
rank-2 is fitted at -2.225 and 250.0 MeV. The hori-
zontal axis is the range in fm and the vertical axis is
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Figure 7: The s-wave for a square well potential with parameters adjusted such that the
deuteron binding energy of -2.225 MeV is reproduced. The solid line gives the calculation
with the square well potential while the dash-dotted line shows the calculation with the
rank-1 UPA approximation.
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Figure 8: Comparison of the shapes of different s-wave form factors: The solid line dash-
dotted line represents the form factor of the UPA calculation in Fig. 7, the dashed line a
standard Yamaguchi form factor for which the parameters are adjusted to reproduce the
deuteron binding energy, and the s-wave form factor from the real Wood-Saxon potential
which gives the highest binding energy in Table 5.
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To get a visual appreciation for the specific momentum behavior of the UPA form factors,
Fig. 8 compares a traditional Yamaguchi form factor in the deuteron channel with the
square well form factor which is calculated from the bound state wave function according
to Eq. (43). As function of the momentum it falls off faster than the Yamaguchi form factor.
The solid line shows a the form factor calculated with the bound state wave function of
the n=2 s-wave bound state of Table 5. In order to see the shape, all form factors are
normalized to the Yamaguchi form factor at k = 0.

1.3.2 Rank-1: Extension to Positive Energies (EST)

Following Ref. [1] we want to find a rank-1 separable potential for which the eigenfunctions
of the corresponding Hamiltonian are identical to the original Hamiltonian H = H0 + V .
If this rank-1 potential is given as V = |v〉λ〈v|, then the scattering wave function at a fixed
energy E = k2

E/2µ is given as

|Φ(+)
kE

〉 = |kE〉+ λg0(Ek)|v〉〈v|Φ(+)
kE

〉 (45)

Multiplying Eq. (45) with 〈v| leads to

〈v|Φ(+)
kE

〉 = 〈v|kE|〉
1− λ〈v|g0(Ek)|v〉

, (46)

which when inserted back into Eq. (45) gives

|Φ(+)
kE

〉 = |kE〉+
λ〈v|kE〉g0(E)|v〉
1− λ〈v|g0(Ek)|v〉

(47)

For the original Hamiltonian H = H0 + V we have the scattering wave function

|Ψ(+)
kE

〉 = |kE〉++g0(Ek)V |Ψ(+)
kE

〉. (48)

If we require that at Ek both scattering wave functions are identical, i.e. that |Φ(+)
kE

〉 ≡
|Ψ(+)

kE
〉, then by comparing Eq. (48) with Eq. (47) we must have at the chosen Ek

g0(Ek)V |Ψ(+)
kE

〉 ≡ g0(Ek)|v〉 (49)

within a constant. This equality holds if

|v〉 ≡ V |Ψ(+)
kE

〉 (50)

With this choice we can equate the kernel of Eqs. (47) and (48) and obtain

1

λ
= 〈Ψ(+)

kE
|V |Ψ(+)

kE
〉, (51)

so that the desired rank-1 separable potential reads

V =
V |Ψ(+)

kE
〉〈Ψ(+)

kE
|V

〈Ψ(+)
kE

|V |Ψ(+)
kE

〉
≡ |hk〉λ〈hk|, (52)
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where V |Ψ(+)
kE

〉 ≡ |hk〉. Letting E → −EB in Eq. (51) recovers the UPA of the previous
section.

The corresponding separable t-matrix is then given by

〈k′|t(z)|k〉 ≡ 〈k′|hk〉τ(z)〈hk|k〉 ≡ 〈k′|hk〉
[
1

λ
− 〈hk|g0(z)|hk〉

]−1

〈hk|k〉. (53)

With Eq. (47) this leads to

〈p′|t(E)|p〉 =
〈p′|V |Ψ(+)

kE
〉〈Ψ(+)

kE
|V |p〉

〈〈Ψ(+)
kE

|V − V g0(E)V |Ψ(+)
kE

〉

t(p′, p, E) =
t∗kE(p)tkE(p

′)

〈Ψ(+)
kE

|V − V g0(E)V |Ψ(+)
kE

〉
, (54)

where the definition of the two-body t-matrix,

V |Ψ(+)
kE

〉 := t|kE〉 (55)

has been used. This is Eq. (2.23) of Ref. [1]

Let us look at the denominator 〈Ψ(+)
kE

|V − V g0(E)V |Ψ(+)
kE

〉:
For the specific energy E = Ek the Lippmann-Schwinger equation for states reads

|Ψ(+)
kE

〉 = |kE〉+ g0(EkE)V |Ψ(+)
kE

〉. (56)

Using this, the denominator becomes 〈Ψ(+)
kE

|V |kE〉 = t∗Ek
(kE), showing that at E = Ek we

recover the exact on-shell t-matrix t(kE, kE, EkE) = tEk
(kE), as was assumed at the on-set

of the derivation.

For any general energy E the first term in the denominator gives

〈Ψ(+)
kE

|V |Ψ(+)
kE

〉
=

∫
dpp2〈Ψ(+)

kE
|V |p〉〈p|Ψ(+)

kE
〉

=
∫

dpp2〈Ψ(+)
kE

|V |p〉〈P |kE〉+
∫
dpp2〈Ψ(+)

kE
|V |p〉〈p|g0(EkE)VΨ(+)

kE
〉

= t∗(kE, kE, EkE) + 2µ
∫
dpp2

|t(p, kE, EkE)|2
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well form factor which is calculated from the bound state wave function according to Eq. (43).
As function of the momentum it falls off faster than the Yamaguchi form factor. The solid
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1.3.2 Rank-1: Extension to Positive Energies (EST)

Following Ref. [1] we want to find a rank-1 separable potential for which the eigenfunctions
of the corresponding Hamiltonian are identical to the original Hamiltonian H = H0 + V . If
this rank-1 potential is given as V = |v〉λ〈v|, then the scattering wave function at a fixed
energy E = k2

E/2µ is given as

|Φ(+)
kE

〉 = |kE〉+ λg0(Ek)|v〉〈v|Φ(+)
kE

〉 (45)

Multiplying Eq. (45) with 〈v| leads to

〈v|Φ(+)
kE

〉 =
〈v|kE|〉

1− λ〈v|g0(Ek)|v〉
, (46)

which when inserted back into Eq. (45) gives

|Φ(+)
kE

〉 = |kE〉+
λ〈v|kE〉g0(E)|v〉
1− λ〈v|g0(Ek)|v〉

(47)

For the original Hamiltonian H = H0 + V we have the scattering wave function

|Ψ(+)
kE

〉 = |kE〉++g0(Ek)V |Ψ(+)
kE

〉. (48)

If we require that at Ek both scattering wave functions are identical, i.e. that |Φ(+)
kE

〉 ≡ |Ψ(+)
kE

〉,
then by comparing Eq. (48) with Eq. (47) we must have at the chosen Ek

g0(Ek)V |Ψ(+)
kE

〉 ≡ g0(Ek)|v〉 (49)

within a constant. This equality holds if

|v〉 ≡ V |Ψ(+)
kE

〉 (50)

With this choice we can equate the kernel of Eqs. (47) and (48) and obtain

1

λ
= 〈Ψ(+)

kE
|V |Ψ(+)

kE
〉, (51)
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•  t-matrix

• explicitly

where V |Ψ(+)
kE

〉 ≡ |hk〉. Letting E → −EB in Eq. (51) recovers the UPA of the previous
section.

The corresponding separable t-matrix is then given by

〈k′|t(z)|k〉 ≡ 〈k′|hk〉τ(z)〈hk|k〉 ≡ 〈k′|hk〉
[
1

λ
− 〈hk|g0(z)|hk〉

]−1

〈hk|k〉. (53)

With Eq. (47) this leads to

〈p′|t(E)|p〉 =
〈p′|V |Ψ(+)

kE
〉〈Ψ(+)

kE
|V |p〉

〈〈Ψ(+)
kE

|V − V g0(E)V |Ψ(+)
kE

〉

t(p′, p, E) =
t∗kE(p)tkE(p

′)

〈Ψ(+)
kE

|V − V g0(E)V |Ψ(+)
kE

〉
, (54)

where the definition of the two-body t-matrix,

V |Ψ(+)
kE

〉 := t|kE〉 (55)

has been used. This is Eq. (2.23) of Ref. [1]

Let us look at the denominator 〈Ψ(+)
kE

|V − V g0(E)V |Ψ(+)
kE

〉:
For the specific energy E = Ek the Lippmann-Schwinger equation for states reads

|Ψ(+)
kE

〉 = |kE〉+ g0(EkE)V |Ψ(+)
kE

〉. (56)

Using this, the denominator becomes 〈Ψ(+)
kE

|V |kE〉 = t∗Ek
(kE), showing that at E = Ek we

recover the exact on-shell t-matrix t(kE, kE, EkE) = tEk
(kE), as was assumed at the on-set

of the derivation.

For any general energy E the first term in the denominator gives

〈Ψ(+)
kE

|V |Ψ(+)
kE

〉
=

∫
dpp2〈Ψ(+)

kE
|V |p〉〈p|Ψ(+)

kE
〉

=
∫

dpp2〈Ψ(+)
kE

|V |p〉〈P |kE〉+
∫
dpp2〈Ψ(+)

kE
|V |p〉〈p|g0(EkE)VΨ(+)

kE
〉

= t∗(kE, kE, EkE) + 2µ
∫
dpp2

|t(p, kE, EkE)|2

k2
E − p2 + iε

= t∗(kE, kE, EkE) + 2µP
∫
dpp2

|t(p, kE, EkE)|2

k2
E − p2

− iπµkE|t(kE, kE, EkE)|2 (57)

The second term becomes

〈Ψ(+)
kE

|V g0(EkE)V |Ψ(+)
kE

〉

=
∫
dpp2

〈Ψ(+)
kE

|V |p〉〈p|V |Ψ(+)
kE

〉
E − p2

2µ + iε

= 2µ
∫
dpp2

|t(p, kE, EkE)|2

k2
0 − p2 + iε
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Figure 9: The s-wave for a square well potential with parameters adjusted such that the
deuteron binding energy of -2.225 MeV is reproduced. The solid line gives the calculation
with the square well potential while the dashed line shows the calculation with the rank-
1 UPA approximation. The dotted, double-dash-dotted, and double-dot-dashed lines are
calculated with EST rank-1 separable potentials constructed at the energies indicated in
the figure.

= 2µP
∫
dpp2

|t(p, kE, EkE)|2

k2
0 − p2

− iπµk0|t(kE, kE, EkE)|2 (58)

where E ≡ k2
0/2µ, P denotes a principal value integral.

Summarizing, the function τ(z) from Eq. (53) is calculated for z ≡ E as

τ(E)−1 = t∗(kE, kE, EkE)

+2µ

[

P
∫
dpp2

|t(p, kE, EkE)|2

k2
E − p2

− P
∫
dpp2

|t(p, kE, EkE)|2

k2
0 − p2

]

+iπµ
[
k0|t(k0, kE, EkE)|2 − kE|t(kE, kE, EkE)|2

]
(59)

AS first numerical test of this EST extension to positive energies we use the square
well potential of Ref. [1] and construct a separable approximation at three different c.m.
energies. Fig. 9 shows the exact s-wave phase-shift together with calculations with EST
rank-1 approximations at different c.m. energies. The separable potential constructed at
Ec.m. = 5 MeV gives a phase-shift almost identical to the one calculated with the UPA
potential, as it should be the case.
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Next:  Extension to rank-2 potential
• generalized separable potential

• constraint

for rank-2

• form factor

• M-matrix elements 

 with

gives a phase-shift almost identical to the one calculated with the UPA potential, as it should
be the case. In Fig. 10 the real and imaginary parts of the t-matrices leading to the phase
shifts shown in Fig. 9 are shown. The Figure indicates that the t-matrix in this channel is es-
sentially flat beyond Ec.m. = 180 MeV. Thus using a half-shell t-matrix for Ec.m. ≥ 200 MeV
to construct a separable potential should describe the high energy behavior of the phase shift
quite well.

1.3.3 Extension to Rank-2 potential

In order to understand a higher rank EST construction in momentum space we set out to
reproduce the calculation of Ref. [2], which uses a square-well potential fitted such that
the deuteron binding energy is reproduced. This work needs a rank-2 separable potential
to describe the s-wave phase shift given by the square-well potential up to 500 MeV. The
calculations of Ref. [2] are carried out in coordinate space [3]. Therefore, reproducing the
results of Ref. [2] is a good test for a momentum space approach.

According to Ref. [1], the generalization to a higher rank separable potential is given by

V =
∑

i,j

v|Ψi〉〈Ψi|M |Ψj〉〈Ψj|v, (60)

where |Ψi〉 stands for either a bound-state |ΨB〉 or a scattering state |Φ(+)
kE

〉. The matrix M
is defined by

δik =
∑

j

〈Ψi|M |Ψj〉〈Ψj|v|Ψk〉 =
∑

j

〈Ψi|v|Ψj〉〈Ψj|M |Ψk〉. (61)

If we start with two potential terms like Ref. [2], we have the UPA term given in Eq. (38)
and a term at a positive energy E = EkE given in Eq. (52). A form-factor function is in this
case a two-component vector

h(p) =

(

hB(p)
t(p, kE, EkE)

)

= 〈p|V |
(

|ΨB〉
|Φ(+)

kE
〉

)

≡ 〈p|V |
(

|α1〉
|α2〉

)

. (62)

The condition Eq. (61) then reads

2
∑

j=1

= Mij〈αj|v|αk〉 = δik. (63)

Defining matrix elements Aij ≡ 〈αj |v|αj〉, Eq. (63) becomes the matrix equation

(

M11M12

M21M22

)

·
(

A11A12

A21A22

)

=

(

1 0
0 1

)

≡ M ·A = 1. (64)

which immediately gives
M = A−1 (65)
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·
(

A11A12
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=
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1 0
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M ·A = 1. (64)

which immediately gives
M = A−1 (65)

Since the matrix elements of A are explicitly given, namely
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dp′p′2ΨB(p)vl(p, p
′)ΨB(p
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〈α1|v|α2〉 = 〈ΨB|v|Ψ(+)
kE

〉 = 〈ΨB|t(EkE)|kE〉
=

∫
dpp2ΨB(p)t(p, kE, EkE)

〈α2|v|α1〉 = 〈α1|v|α2〉∗
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1.3.3 Extension to Rank-2 potential

In order to understand a higher rank EST construction in momentum space we set out to
reproduce the calculation of Ref. [2], which uses a square-well potential fitted such that
the deuteron binding energy is reproduced. This work needs a rank-2 separable potential
to describe the s-wave phase shift given by the square-well potential up to 500 MeV. The
calculations of Ref. [2] are carried out in coordinate space [3]. Therefore, reproducing the
results of Ref. [2] is a good test for a momentum space approach.
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• diagonalize M

• eigenvectors

• coupling strengths

• rank-2 separable potential (Neelam and CE)

• t-matrix 

OR Calculate t-matrix without diagonalizing M

〈α2|v|α2〉 = 〈Ψ(+)
kE

|v|Ψ(+)
kE

〉

= t∗(kE, kE, EkE) + 2µP
∫
dpp2

|t(p, kE, EkE)|2

k2
E − p2

−iπµkE|t(kE, kE, EkE)|2, (67)

where we used for the last identity Eq. (57). This allows to explicitly calculate M,
provided A is not singular. In general, the matrix M is not diagonal. Ref. [2] suggests
to diagonalize M by introducing a unitary transformation U such that M̂ ≡ UMU−1 is
diagonal. This will give new form-factors and coupling constants

|α̂i〉 =
∑

j

Uij|αj〉

λ̂i = 〈α̂i|M̂|α̂i〉, (68)

so that one has a ‘diagonal’ separable potential of the form

V̂ =
∑

i

v|α̂i〉λ̂i〈α̂i|v . (69)

If A is not singular, this is a possible way to proceed. Once a potential of the form
of Eq. (69) is obtained, the results of derivation of CE and NU for a rank-2 separable
potential can be used to calculate a rank-2 separable t-matrix.

NOTE; Since in a Faddeev equation only the two-body t-matrix is needed, one may
think about if that can be obtained without going through constructing a potential. This
is worth some thought.

All above equations need to be checked and numerically verified.
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Since the matrix elements of A are explicitly given, namely
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dp′p′2ΨB(p)vl(p, p
′)ΨB(p

′) (66)
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kE

〉 = 〈ΨB|t(EkE)|kE〉
=
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dpp2ΨB(p)t(p, kE, EkE)

〈α2|v|α1〉 = 〈α1|v|α2〉∗
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so that one has a ‘diagonal’ separable potential of the form

V̂ =
∑

i

v|α̂i〉λ̂i〈α̂i|v . (69)

If A is not singular, this is a plausible way to proceed. Once a potential of the form of
Eq. (69) is obtained, the derivation of CE and NU for a rank-2 separable potential can
be used to calculate a rank-2 separable t-matrix. Summarizing those derivations: For a
separable potential of rank 2 of the form vl(p′, p) = hl,1(p′)λ11hl,1(p) + hl,2(p′)λ22hl,2(p) the
separable t-matrix becomes

tl(p
′, p, E) =

2
∑

i,j=1

hl,i(p
′)τij(E)hl,j(p) (70)

with
τij(E) = (λ− B(E))−1

ij , (71)

where

Bij(E) ≡
∫

dp′′p′′2
hi(p′′)hj(p′′)

E − p2/2µ
(72)

NOTE: Since in a Faddeev equation only the two-body t-matrix is needed, one may
want to think about if the t-matrix can be obtained without going through constructing a
potential. This is worth some thought.

All above equations need to be checked and numerically verified.
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Figure 4: The real and imaginary parts to of the p-wave projected half-shell n+48Ca optical
potential as function of k for fixed momentum p, where p2 = 2µEc.m.. The top panel shoes
Ec.m. = 5 MeV, the bottom panel Ec.m. = 45 MeV. The calculations use Rr = rr(A1/3 + 1).

1.2.3 Numerical Results

For a first simple test, we use only the real part of the optical potential, V (r) as given in
Eq. (5) and calculate the s-wave contribution only. Since the potential is real, the phase shift
is real and ηl = 1. In Table 2 the phase shifts calculated in momentum space are compared to
the corresponding phase shifts calculated with an r-space scattering code from CE. The CE
r-space code uses as input Eq. (5) with the parameters extracted from FRESCO, while the
momentum space code uses the s-wave projection of Eq. (18) with the same parameters as
input. Both phase shifts agree to sufficient accuracy to establish that the Fourier transform
as well as the internal phase factors of the t-matrix equation, Eq. (20), are consistent and
correct.

In Table 3 the phase shifts calculated for the same test case by Neelam with FRESCO
are listed. Here Rr = rrA

1/3
1 is used in Eq. (5). Historical note: In the first tests carried

out in March 2012, the calculations of Linda and Neelam disagreed due to a difference in
the calculation of Rr = rr(A

1/3
1 + A1/3

2 ), in which Linda used A2 = 1, whereas Neelam had
A2 = 0 in FRESCO. After resolving this discrepancy, both codes give the same result for
the phase shifts.
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(t1(k0, k0, Ek0) projected on-shell shell t-matrix solved with the n+48Ca optical potential
Unucl as function of the on-shell momentum k0. The calculations use Rr = rr(A1/3 + 1).
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(t1(q, k0, Ek0) projected half-shell t-matrix solved with the n+48Ca optical potential Unucl

as function of q for fixed momentum k0, where k2
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Figure 10: The on-shell s-wave t-matrices for the square well potential reproducing the
deuteron binding energy. The upper panel gives the real part, the lower panel the imaginary
part of the t-matrices that lead to the phase shifts of Fig. 9. The meaning of the curves is
the same as in Fig. 9.
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