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Main Contributions to captures   

• Direct capture (D) (i.e. one-step) 
–  Important at low energies on light, or neutron rich nuclei 
–  Potential model needs ANC from a (d,p) reaction 

• Semidirect (SD) capture (i.e. two-step) 
–  Via GDR, PDR, GQR or other doorway states 
–  Dominates at, and around, Eb + EGDR 
–  D + SD contributions interfere; their amplitudes add 

• Compound capture (i.e. many-step) 
–  Via (complex) compound nuclear states 
–  Competes with the above at all energies, and dominates for 

low-energy gammas of stable nuclide 
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DWBA Implementation of DSD 

Fresco: 

Cupido: 
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Direct-Semidirect Capture in Coupled Ch. 
•  T-matrix: a coherent sum of direct and semidirect parts 

•  Incoming and outgoing wave functions 

•  Inserting yields four terms 

Dominant terms  
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DSD(G+P)DR 208Pb(n,g): various methods 
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Unresolved issues in DSD via GDR & PDR 

• Various models provide formal expressions for GDR coupling 
• GDR coupling strength conventionally adjusted to fit data 

–  Sometimes w/o a clear physical motivation 
–  E.g. a large imaginary GDR coupling is necessary to fit the DSD data 

• Various physical interpretation of PDR e.g.: 
–  Excess neutron oscillate around N=Z core 
–  Toroidal motion around the N=Z core 

LOW-ENERGY ISOVECTOR AND ISOSCALAR DIPOLE . . . PHYSICAL REVIEW C 85, 044317 (2012)
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FIG. 1. (Color online) The RRPA isovector (left column) and
isoscalar (right column) dipole strength distributions in 68Ni, 132Sn,
and 208Pb, calculated with a set of five effective interactions that
differ in the value of the symmetry energy at saturation (a4) and the
corresponding slope parameter L.

from the parametrization DD-ME1 [56], three families of
interactions with nuclear matter incompressibility Knm = 230,
250, and 270 MeV were constructed. For each value of Knm,
five interactions were adjusted with a4 = 30, 32, 34, 36 and
38 MeV, respectively. For particular values of Knm and a4, the
remaining parameters of these interactions were fine-tuned
to empirical properties of nuclear matter and to the binding
energies and charge radii of ten spherical nuclei. It was noted
that, to reproduce the empirical masses of N != Z nuclei, larger
values of a4 necessitate an increase in the slope parameter L of
the symmetry energy. These effective interactions were used in
Ref. [9] to study a possible correlation between the observed
PDS in 130,132Sn and the corresponding values for the neutron-
skin thickness. In addition to DD-ME2 (Knm = 251 MeV), the
set of effective interactions with Knm = 250 MeV and a4 = 30,
32, 34, 36 and 38 MeV will here be used to study the PDS
in the isovector and isoscalar dipole responses of spherical
closed-shell nuclei.

For this set of effective interactions, in Fig. 1, we display the
total IV and IS RRPA dipole strength functions for 68Ni, 132Sn,
and 208Pb. The IV dipole response in all three nuclei is,
of course, dominated by the collective GDR peaked in the
high-energy region around 15 MeV. As already shown in
Refs. [55,60], as a result of the increase in L with a4, the
excitation energy of the IVGDR decreases with increasing
S(ρ0) ≡ a4 because this increase implies a reduction in the
symmetry energy at low densities, characteristic for surface
modes. In addition, one notices an enhancement of E1 strength
in the low-energy region below 10 MeV. This PDS is very
sensitive to the density dependence of the symmetry energy
and is strongly enhanced by the increase in L and a4. The same

pygmy states are also present in the IS strength functions, and
this is clear evidence of the mixed isovector-isoscalar nature
of the PDS. The isoscalar E1 strength distributions display a
characteristic bimodal structure with two broad components:
one in the low-energy region close to the IVGDR (≈2h̄ω)
and the other at higher energy close to the electric octupole
resonance (≈3h̄ω). Theoretical analyses have shown that the
high-energy component represents compressional vibrations
[58,61,62]. The high-energy ISGDR is a second-order effect,
built on 3h̄ω or higher configurations, and corresponds to
a compression wave traveling back and forth through the
nucleus along a definite direction. Some states, which comprise
the broad structure in the low-energy region, correspond
to vortical nuclear flow associated with the toroidal dipole
moment [52,63–65]. However, as pointed out in a paper on the
interplay between compressional and vortical nuclear currents
[64], a strong mixing between compressional and vorticity
vibrations in the isoscalar E1 states can be expected up to the
highest excitation energies in the region of ≈3h̄ω. Finally, the
lowest peaks in the isoscalar strength functions are associated
with the PDS. A very interesting result is that, relative to the
corresponding GDR, the PDS is much more pronounced in
the isoscalar channel. In fact, for 68Ni, the pygmy state has
the largest B(E1) value among the isoscalar states, and the
IS strength function, except for the structure around 15 MeV,
is not sensitive to the variation in the density dependence of
the symmetry energy. One expects more isospin mixing in
the two heavier nuclei (see also the analysis of Ref. [45]),
and this is reflected in the enhancement of the B(E1) values
with the increase in L and a4 for all states in the response of
132Sn and 208Pb to the isoscalar dipole operator Eq. (3). This
enhancement is more pronounced below the ISGDR, that is,
in the region around 15 MeV where one expects mixing with
the IVGDR and for the PDS.

Even though the set of effective interactions that we use here
spans a relatively broad interval of values of the parameters
a4 and L that characterize the density dependence of the
symmetry energy, the effect on the excitation energy of the
IVGDR is not large, especially in a heavy nucleus, such as
208Pb. In fact, as shown in Fig. 1, the IVGDR peak energy
in 208Pb is lowered by less than 1 MeV in the interval
between a4 = 30, L = 30MeV and a4 = 38, L = 111 MeV.
A better distinction between these effective interactions is
obtained by considering predicted values for the electric dipole
polarizability of 208Pb [cf. Eq. (7)] in comparison with the
experimental value αD = (20.1 ± 0.6) fm3 [20]. The results
are shown in Fig. 2. In addition to the values obtained
with the five effective interactions a4 = 30, 32, 34, 36, and
38 MeV, we also include the polarizability calculated with
the interaction DD-ME2 (a4 = 32.3 and L = 51.5 MeV) that
was adjusted independently in Ref. [57]. The result closest to
the experimental value corresponds to the effective interaction
with a4 = 32 and L = 46.5 MeV and the value predicted
by DD-ME2: αD = 20.8 MeV is just 100 keV outside the
experimental error bar. The slope parameters of these two
interactions are slightly below the value L = 64.8 ± 15.7 MeV
that Carbone et al. [23] deduced from the percentage of the
EWSR associated with the PDSs in 68Ni [15] and 132Sn [9].
From Fig. 2, it is apparent that only the values of αD predicted
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The self-consistent random-phase approximation, based on the framework of relativistic energy density
functionals, is employed in the study of isovector and isoscalar dipole response in 68Ni, 132Sn, and 208Pb. The
evolution of pygmy dipole states (PDSs) in the region of low excitation energies is analyzed as a function of the
density dependence of the symmetry energy for a set of relativistic effective interactions. The occurrence of PDSs
is predicted in the response to both the isovector and the isoscalar dipole operators, and its strength is enhanced
with the increase in the symmetry energy at saturation and the slope of the symmetry energy. In both channels,
the PDS exhausts a relatively small fraction of the energy-weighted sum rule but a much larger percentage of the
inverse energy-weighted sum rule. For the isovector dipole operator, the reduced transition probability B(E1)
of the PDSs is generally small because of pronounced cancellation of neutron and proton partial contributions.
The isoscalar-reduced transition amplitude is predominantly determined by neutron particle-hole configurations,
most of which add coherently, and this results in a collective response of the PDSs to the isoscalar dipole operator.
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I. INTRODUCTION

Studies of collective excitations play a crucial role in
our understanding of complex properties of nuclei. The
multipole response of unstable nuclei and, in particular, a
possible occurrence of new exotic modes of excitation in
weakly bound nuclear systems presents a rapidly growing
field of research [1,2]. During the last decade, a number of
experimental studies have been performed on the low-energy
electric dipole response in neutron-rich medium-heavy and
heavy nuclei [3–20].

The structure and dynamics of low-energy dipole strength,
also referred to as a pygmy dipole state (PDS) or resonance,
has extensively been investigated using a variety of theoretical
approaches and models [1]. Recent papers have made use
of the Hartree-Fock (HF) plus random-phase approximation
(RPA) [21–28], the self-consistent RPA based on the AV18
nucleon-nucleon interaction and phenomenological three-
body contact terms [29], the Hartree-Fock-Bogoliubov model
plus quasiparticle (Q)RPA [30–36], quasiparticle RPA plus
phonon coupling [37], the quasiparticle-phonon model [38],
the quasiparticle-phonon model including complex configura-
tions of up to three phonons [12,17,18], the second RPA [39],
the relativistic RPA [40–43] and QRPA [44–47], the relativistic
quasiparticle time-blocking approximation [48–51], and the
semiclassical Landau-Vlasov approach [52,53].

In addition to the fact that pygmy states present an
intrinsically interesting structure phenomenon in neutron-rich
nuclei, it has been suggested that they might constrain the
radius of the neutron distribution in medium-heavy and heavy
nuclei [9] and may provide information about the density
dependence of the symmetry energy [40]. Prompted by recent
experiments that have reported accurate data on the distribution
of PDSs in medium-heavy nuclei [6–18] and by the model-
independent determination of the neutron-skin thickness in

208Pb with parity-violating elastic electron scattering [54], in
the past two years, several theoretical papers have explored
the relation among the PDSs, the density dependence of the
symmetry energy, and the neutron skin [23,24,28,43]. These
papers are based on the microscopic framework of nuclear
energy density functionals plus the QRPA.

Starting from a representative set of Skyrme effective
forces and meson-exchange effective Lagrangians, Carbone
et al. [23] performed an RPA analysis of the correlation among
the density dependence of the nuclear symmetry energy, the
neutron skin, and the percentage of energy-weighted sum
rule (EWSR) exhausted by the PDSs in 68Ni and 132Sn. In
comparison with available data, it was possible to constrain
the value of the derivative of the symmetry energy at saturation
and to use this constraint to determine the neutron-skin radii of
68Ni, 132Sn, and 208Pb. In contrast to this result, Reinhard and
Nazarewicz [24], by using the covariance analysis to identify
observables and pseudo-observables that correlate with the
neutron skin, suggested that the neutron skin of 208Pb was
strongly correlated with the dipole polarizability but very
weakly correlated with the low-energy electric dipole strength.
This finding has recently been challenged by Piekarewicz [43]
in an analysis of the distribution of electric dipole strength
in 68Ni by using a relativistic RPA with a set of effective
interactions that predict significantly different values for the
neutron-skin thickness of 208Pb. The results not only suggest
a strong correlation between the dipole polarizability of 68Ni
and the neutron-skin thickness of 208Pb, but also a correlation
just as strong between the neutron-skin thickness of 208Pb
and the fraction of the dipole polarizability exhausted by
the pygmy dipole strength. In a very recent study performed
by using the self-consistent Skyrme HF plus RPA approach,
Roca-Maza et al. [28] have analyzed the isospin character, the
degree of collectivity, and the sensitivity to the slope of the
nuclear symmetry energy of the low-energy dipole response in

044317-10556-2813/2012/85(4)/044317(8) ©2012 American Physical Society
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Long-term DSD capture improvements: 

• Use recent RPA computations of the electric dipole strength as 
input to Fresco for computations of DSD capture  
–  This would be consistent with structure computations: 
–  Analogous to RPA doorway state model of Nobre et al. 
–  Since GDR can also be thought of as a doorway state. 
–  Would self-consistently include GDR and PDR. 
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DSD via GDR 130Sn(n, γ) 

Neutron single particle structure in 131Sn and direct neutron capture cross sections
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Recent calculations suggest that the rate of neutron capture by 130Sn has a significant impact on
late-time nucleosynthesis in the r-process. Direct capture into low-lying bound states is expected
to be significant in neutron capture near the N=82 closed shell, so r-process reaction rates may
be strongly impacted by the properties of neutron single particle states in this region. In order to
investigate these properties, the (d, p) reaction has been studied in inverse kinematics using a 630
MeV beam of 130Sn (4.8 MeV/u) and a (CD2)n target. An array of Si strip detectors, including
SIDAR and an early implementation of the Oak Ridge Rutgers University Barrel Array (ORRUBA),
was used to detect reaction products. Results for the 130Sn(d, p)131Sn reaction are found to be very
similar to those from the previously reported 132Sn(d, p)133Sn reaction. Direct-semidirect (n, γ) cross
section calculations, based for the first time on experimental data, are presented. The uncertainties
in these cross sections are thus reduced by orders of magnitude from previous estimates.
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The rapid neutron capture process (r-process) is
thought to be responsible for the synthesis of about half
of the nuclear species heavier than Fe [1], but little ex-
perimental nuclear physics information is available for r-
process studies. Recent r- process calculations by Beun et
al. [2] and Surman et al. [3] suggest the 130Sn(n, γ)131Sn
reaction rate plays a pivotal role in nucleosynthesis, en-
gendering global effects on isotopic abundances over a
wide mass range during the freeze-out epoch following
(n, γ)!(γ, n) equilibrium. This is owing, in part, to the
long β-decay lifetime of 130Sn (162 s). Direct neutron
capture (DC) is expected to be significant at late times
in the r-process near the N=82 closed shell, and the reac-
tion rate may thus be strongly impacted by the properties
of single particle states in this region. The most criti-
cal states for s-wave DC are the 3p3/2 and 3p1/2 single
neutron states, which would be populated via E1 transi-
tions. The DC cross section varies widely depending on
whether or not these states are bound [4], and their exci-
tation energies were not known before the present work.
Indeed, theoretical DC (n, γ) cross sections can vary by
nearly three orders of magnitude for 130Sn, depending on
the nuclear structure model selected [4]. Thus, neutron
single-particle data on neutron-rich species in this region

are crucial for evaluating the role of 130Sn in the r-process
and for constraining model parameters.

Yrast cascades in 131Sn involving states with J≥11/2
have been studied by Bhattacharyya et al. [5], and the
spins and parities of some of the low-lying hole states
have been assigned tentatively from β-decay experiments
[6],[7]. Since there are nominally two neutron holes in the
130Sn core (N=80), one or more low-lying, low angular
momentum hole states of 131Sn may be observed in a
(d, p) experiment, depending on the complexity of the
130Sn ground state wave function. However, from shell
model considerations, one expects the strongest states to
be #=1 and #=3 transfers coupled to the 130Sn ground
state, i. e., negative-parity 1p-2h states. No single-
particle information for any of these states in 131Sn has
been reported from previous measurements. As men-
tioned above, the #=1, 3p3/2 and 3p1/2 single-neutron
states are of particular importance for DC in the r-
process, as this typically involves the capture of an s-
wave neutron followed by an E1 γ-ray transition. In this
paper, results from the first experiment to investigate di-
rectly the single-particle properties of states in 131Sn are
reported and direct-semidirect (n, γ) cross section calcu-
lations based on those data are presented.
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DSD 130Sn(n, γ) to various bound s.p. states 4

FIG. 4: (Color online) Direct-semidirect capture cross sec-
tions for the 130Sn(n, γ)131Sn reaction computed using the
code CUPIDO [23] for real parts of a phenomenological
Koning-Delaroche [24] optical model potential are plotted for
levels in Table I. An upper limit for the combined DSD cap-
ture into the 1h11/2, 2d3/2 3s1/2, 2d5/2, and 1g7/2 orbitals
(labeled “other”) is not included in the total DSD. Shown
for comparison (single red points) are the calculations of
Rauscher et al.[4] for 30 keV neutrons using the Finite Range
Droplet (FRDM), the Hartree-Fock-Bogoliubov (HFB), and
Relativistic Mean Field Theory (RMFT) models. Of these,
only the FRDM predicted both the 3p3/2 and 3p1/2 single-
neutron states to be bound.

tions for 130Sn were calculated using the data in Table I
and the code CUPIDO [23]. For low energy capture,
the code implements a conventional potential model ex-
pressed in terms of single-particle electromagnetic tran-
sition matrix elements computed in a first-order approx-
imation. In the incident channel the real part of a phe-
nomenological Koning-Delaroche potential [24] was used.
The imaginary part of these potentials is dropped be-
cause the loss of flux into other channels is expected to be
small [25]. For the bound-state single-neutron wave func-
tions the Bear-Hodgson potential [26] was used, where
the depth was fitted to reproduce binding energies for
each of the capturing bound states in Table I. The DSD
capture cross sections are plotted in Figure 4 between
0.01 and 6 MeV for computation of Maxwellian averages
at astrophysical temperatures. At 30 keV the total com-
puted DSD cross section is 0.14 mb for the real parts of
the Koning-Delaroche potential with an uncertainty of
≈ 20%. A slight variance with a DSD capture computa-
tion of ≈ 0.22 mb reported by Chiba et al. [27] is likely
due to using different single-particle level energies or a
different single- particle bound-state potential [28].

In summary, the inverse 130Sn(d, p)131Sn reaction has
been investigated at 4.8 MeV/u. An apparent single-
particle spectrum is observed, very similar to that ob-
served in the (d, p) reaction on doubly magic 132Sn. Mea-
surements have been made of excitation energies and an-

gular distributions, and ! assignments are consistent with
expected single particle states. In particular, the pre-
sumed !=1 single particle states are both bound, which
favors a relatively large DC cross section compared to
those from models that predict one or both of these
states to be unbound [4]. Using these experimental re-
sults, cross sections for 130Sn(n, γ)131Sn direct-semidirect
capture have been calculated, and, for reasons stated ear-
lier, the uncertainties are reduced by orders of magnitude
from previous estimates, none of which was based on ex-
perimental data. This information will also help to con-
strain nuclear models and facilitate more realistic (n, γ)
reaction rate calculations for r-process nucleosynthesis in-
volving other isotopes. At present, we defer calculation
of the 130Sn(n, γ)131Sn reaction rate and r-process nucle-
osynthesis, as contributions from statistical processes are
not well understood at this time.
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Exactly solvable pairing Hamiltonian with state-dependent separable pairing strength

G. Arbanas and M. E. Pigni
Reactors and Nuclear Systems Division, Oak Ridge National Laboratory, TN 37831-6171

A. K. Kerman
Dept. of Physics, Massachusetts Institute of Technology, Cambridge, MA 02139

∗

(Dated: February 23, 2012)

An exact solution to a pairing Hamiltonian derived by Richardson for a constant pairing interac-

tion is generalized to allow for a state-dependent separable pairing interaction. This generalization

is derived from the rational family of the XXZ Richardson-Gaudin models and its number of free

parameters equals the number of single-particle states plus 1.

PACS numbers: Valid PACS appear here

I. INTRODUCTION

Exactly solvable pairing Hamiltonians are useful when
the dimensionality of the Hilbert space becomes so large
that numerical solutions are not practically computable.
An exact solution to a pairing Hamiltonian was published
by Richardson and Sherman in [1], and was used to model
excited levels of even lead isotopes [2]. A more general
framework for exactly solvable models was built on the
XXZ Richardson-Gaudin algebra by Ortiz in [3], where
exactly solvable models were categorized into rational,
trigonometric, and hyperbolic kinds. The original exact
solution of Richardson and Sherman, and also its gener-
alization in this work, belong to the rational kind. Re-
cently, a novel exactly solvable model of the hyperbolic
kind was applied to a nuclear structure of 238U and 154Sm
by Dukelsky [4].

Pan and collaborators have in a series of papers uti-
lized infinite dimensional algebra methods to derive exact
solutions of a general pairing Hamiltonians.

These exactly solvable models have also found novel
applications in the physics of small grains starting in late
1990’s.

II. THEORY

Richardson and Sherman [1] derived an exact solution
to a pairing Hamiltonian

H =
�

i

εi(a
†
i+
ai+ + a

†
i−
ai−)− g

�

i

�

j

a
†
i+
a
†
i−
aj+aj− ,

(1)
where g is a constant pairing interaction, εi is the energy
of single-particle state i+ and its time-reversed partner
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i−, i = 1, . . . , L. The wave-function for N -pair state is

|ΨN � =
N�

β=1

�

i

1

2εi − Eβ
a
†
i+a

†
i−
|0� (2)

where Eβ , (β = 1, . . . , N) are the pairon energies that
are solutions to the following set of coupled non-linear
equations:
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1

g
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Eβ� − Eβ
, i = 1 . . . N (3)

where Eβ �= Eβ� for β �= β
�. The total energy of the

pairing Hamiltonian derived by Richardson and Sherman
is

E =
�

i

εiνi +
�

β

Eβ (4)

where νi is a seniority of the i
th single-particle state,

which for degenerate single-particle states is 0 or 1.
By retracing the derivation of Richardson and Sherman

in [1] it can be shown that a pairing Hamiltonian with a
state-dependent separable interaction strength

H =
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(5)
has an analytical solution for a generalized N -particle
wave function:

|ΨN � =
N�

β=1

�
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2εi − Eβ
a
†
i+a

†
i−
|0� (6)

where pairon energies Eβ , (β = 1, . . . , N) are now so-
lutions to a slightly modified set of coupled non-linear
equations:

�

i

c
2
i

2εi − Eβ
=

1

g
+

�

β�( �=β)

2c2β�

Eβ� − Eβ
i = 1 . . . N. (7)

Substituting these pairon energies Eβ into Eq. (4) yields
a total energy of the pairing Hamiltonian in Eq. (5). Note
that the number of pairons, N is lesser or equal to number
of single-particle levels L, and therefore cβ is defined.
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• A generalization of the Richardson’s exactly solvable 
pairing model to separable level-dependent interaction: 
–  Provides additional variational parameters ci; one per s.p. level 
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RMF levels computations in 131Sn 
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Background Four strong single-particle bound levels with strikingly similar level spacings have recently been measured in
131

Sn and
133

Sn. This similarity has not yet been addressed with a theoretical nuclear structure model. Information

on these single particle bound levels, as well as on resonant levels above the neutron capture threshold, are also needed

to determine neutron capture cross sections – and corresponding capture reaction rates – on
130,132

Sn. The
130

Sn(n,γ)
rate was shown in a recent sensitivity study to significantly impact the synthesis of heavy elements in the r-process in

supernovae.

Purpose Understand the structure of bound and resonant levels in
131,133

Sn, and determine if the densities of unbound resonant

levels are sufficiently high to warrant statistical model treatments of neutron capture on
130,132

Sn.

Method Single-particle bound and resonant levels for
131,133

Sn are self-consistently calculated by the analytical continuation

of the coupling constant (ACCC) based on a relativistic mean field (RMF) theory with BCS approximation.

Results We obtain four strong single-particle bound levels in both
131,133

Sn with an ordering that agrees with experiments

and spacings that, while differing from experiment, are consistent between the Sn isotopes. We also find at most one

single-particle level in the effective energy range for neutron captures in the r-process.

Conclusions Our RMF+ACCC+BCS model successfully reproduces observed single-particle bound levels in
131,133

Sn and

self-consistently predicts single-particle resonant levels with densities too low for widely used traditional statistical

model treatments of neutron capture cross sections on
130,132

Sn employing Fermi gas level density formulations.

Keywords: 131,133
Sn; single-particle states; resonant states; relativistic mean field model; analytical continuation of the coupling

constant; neutron capture; level density; statistical model

PACS numbers: 21.60.-n, 21.10.-k, 24.10.Jv, 21.10.Ma, 25.85.Ec

Investigations of the evolution of shell structure in new
regimes (e.g., new magic numbers, far from stability) are
at the forefront of nuclear structure research. A recent
study, for example, confirmed the doubly magic nature
of 132Sn through a measurement of four strong single-
particle bound states populated via the (d, p) neutron
transfer reaction on 132Sn [1]. Using this same reaction
on 130Sn, four strong single-particle bound states were
also recently observed in 131Sn [2]. There is a strik-
ing similarity between the level spacings and strengths
of these levels in 131,133Sn (Fig.1), a similarity not yet
been addressed by theory.

There is, furthermore, strong motivation to calculate
levels above the neutron capture threshold in these Sn
isotopes. Properties of single-particle resonant levels, not
probed in these recent experiments [1, 2] (or others [3]),
are needed – along with bound levels – to determine neu-
tron capture cross sections on 130,132Sn. These are the
basis for thermonuclear neutron capture reaction rates
needed as input for simulations of r-process nucleosyn-

∗Electronic address: zss76@buaa.edu.cn
†Electronic address: smithms@ornl.gov

thesis in supernovae [4]. The r-process is responsible for
the production of half of the nuclides heavier than iron.
In a recent study [5], variations of the 130Sn(n,γ) capture
rate were surprisingly shown to have a global impact on
r-process simulations, changing final abundance calcula-
tions of nuclei over hundreds of mass units.
These capture cross sections have, however, large un-

certainties. Global neutron capture cross sections have
been calculated with statistical models (e.g., [6, 7]), but
it is uncertain whether there is a sufficiently high den-
sity of resonant levels [8] in 131,133Sn for this approach to
be valid for the r-process. Information on single-particle
levels both above and below the 130,132Sn neutron cap-
ture thresholds in 131,133Sn are needed to understand and
compare capture cross section contributions from three
mechanisms: direct neutron capture, capture through
resonant states, and capture through overlapping reso-
nances.
There are, however, no published calculations that uni-

formly and appropriately handle bound states and ex-
cited states above the neutron capture threshold for both
131Sn and 133Sn. The calculation of both sets of bound
states is needed to understand the similarity of the level
spacings as observed in recent experiments [1, 2]; a treat-
ment of bound levels and resonant levels is needed for im-

1
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Similarity 133Sn(d,p) vs. 131Sn(d,p) 
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Fig. 1: (Color online) Comparison of strong single-

particle levels seen in recent
132

Sn(d, p)133Sn [1] and
130

Sn(d, p)131Sn [2] measurements.

proved neutron capture cross sections on
130,132

Sn that

will impact calculations of heavy element abundances

synthesized in the r-process.

There are several calculations of the structure of Sn

isotopes in the vicinity of the N = 82 closed neutron

shell, with a variety of approaches including phenomeno-

logical, macroscopic-microscopic, microscopic, modified

shell, and mean field models. Phenomenological ap-

Fig. 2: (Color online) Bound levels and resonant levels

in
133

Sn calculated by the RMF+ACCC+BCS approach

with the NL3 effective interaction compared with the latest

data [1, 3] and calculations from the LSS [13], Nilsson [10],

FRDM [11], and HFB [11] models. The neutron capture

threshold S(n) is also shown.

proaches for levels in
133

Sn include the Koura-Yamada

single-particle potential (KY-SPP) model [9] and a Nils-

son potential model with new parameters [10]. Param-

eters in these models were adjusted to fit existing data

of single-particle levels in the vicinities of doubly magic

nuclides [9] or for N = 3, 4, and 5 shells [10]. Since these

two approaches give similar single-particle level calcula-

tions, we only show the Nilsson model [10] results in Fig.

2 for comparison below. Rauscher et al. [11] calculated
bound levels in

133
Sn with the macroscopic finite-range

droplet model (FRDM) with a folded-Yukawa (micro-

scopic) potential and Lipkin–Nogami pairing. A micro-

scopic Hartree-Fock-Bogoliubov model [12] was also used

in that work: nuclear states were determined by a varia-

tional procedure that simultaneously minimized the total

energy with respect to single-particle wave functions and

occupation factors. Jin et al. [13] made a large-scale shell

(LSS) model calculation on neutron-rich A = 133-135 nu-

clei. They used the NUSHELLX code [14] with a trun-

cated model space (2f7/2, 3p3/2, 1h9/2, 3p1/2, and 2f5/2

orbitals) and with core excitations determined by ex-

tended pairing-plus-quadrupole moments with monopole

corrections. The model space truncation was necessary,

as their calculations, which included
133

Sn, required too

much memory if just one extra basis orbital – the 1i13/2

– was included.

Another approach, relativistic mean field (RMF) the-

ory, provides successful global calculations of many prop-

erties of exotic nuclei [15] – including binding energies,

charge radii, and energies of bound levels. These typi-

cally use 10 interaction parameters that are fit to finite

nuclear properties. Rauscher et al. [11] used the NLSH

Fig. 3: (Color online) (a) Similar to Fig.2, but for
131

Sn but

with excitation energies relative to the 2f7/2 level. The results

of the RMF+ACCC+BCS approach with the NL3 effective

interaction are shown with the latest data [2]. (b) Comparison

of present calculations for bound levels in
131,133

Sn.

effective interaction [16] to calculate levels below the neu-

tron capture threshold in
133

Sn. Zhang et al. [10] used
the popular NL3 effective interaction [17] to determine

levels above 2f7/2 ground state and below 1i13/2 excited

state in
133

Sn; in
131

Sn, they provide only levels below

the 2f7/2 state. The levels at 2f7/2 and above from these

2

• Possibility of 
fragmentation 
of s.p. states 
via particle-
collective (2+)
state 
interaction 
may increase 
level density in 
131Sn (as it 
does in 207Pb) 

•  130Sn(d,pγ) 
data will reveal 
this. 
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130Sn(n,g) important for nucleosynthesis 

• Relative contribution of DSD vs. compound capture varies 
–  It depends on level densities 
–  Level density in Sn-130 may be smaller then previously thought 

•  This may lead to smaller compound capture àDSD capture may be important. 

S. Chiba et al. Phys. Rev. C 77, 015809 (2008) 


