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(d,p) Reactions: Tool to study structure



What Reactions are we interested in?

Light nuclei

Heavy Nuclei 

Reactions:  Elastic Scattering,  Breakup, Transfer



Reduce Many-Body to Few-Body Problem

• Isolate important degrees of freedom in a reaction
• Keep track of important channels
• Connect back to the many-body problem

Task:

Hamiltonian for effective few-body poblem:
H = H0 + Vnp + VnA + VpA

Optical potentials p+A and n+Anp interaction 

Three-Body Problem



(d,p) Reactions as three-body problem

Elastic, breakup, rearrangement channels are included and fully coupled
(compared to e.g. CDCC calculations)

Issue: current 
momentum 
space 
implementation 
of Coulomb 
interaction 
(shielding) does 
not converge 
for Z ≥ 20

Courtesy: F.M. Nunes



(d,p) Reactions as three-body problem

Elastic, breakup, rearrangement channels are included and fully coupled
(compared to e.g. CDCC calculations)

Issue: traditional Faddeev formulation   does 
not contain target excitations
Probably especially important for reactions with exotic nuclei 

A.M. Mukhamedzhanov, V.Eremenko and A.I. Sattarov, Phys.Rev. C86 (2012) 034001  
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Generalized Faddeev formulation 
of (d,p) reactions with

(a) explicit inclusion of target excitations
(b) explicit inclusion of the Coulomb interaction

A.M. Mukhamedzhanov, V.Eremenko and A.I. Sattarov,
Phys.Rev. C86 (2012) 034001  

Faddeev formulation → momentum space 

Suggestions:

Target excitations:  
Including specific excited states → Formulation with separable interactions 

Explicit inclusion of Coulomb interaction:
Formulation of Faddeev equations in Coulomb basis instead of plane 
wave basis

Both  need  prep work!



H = H0 + Vnp + VnA + VpAHamiltonian:

Vnp : NN interaction – separable representations exist   

VnA : Optical potential 
Phenomenological optical potentials fitted to data from 12C to  208Pb
given in coordinate-space
parameterized in terms of Woods-Saxon functions
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Woods-Saxon functions have a semi-analytic Fourier 
transform:
(fast converging series expansion)

Central term:

Surface term:



Separabilization: Method of Ernst-Shakin-Thaler

BUT: Needs to be generalized  for complex potentials

Example: Rank-1 separable potential:

Definition with In-state necessary  to 
fulfill reciprocity theorem



Generalization to arbitrary rank

with

t-matrix

Compute and solve system 
of linear equations



n + 48Ca :  l=4, j=9/2



n + 48Ca  and n + 208Pb : l=0 



n + 48Ca



Separabilization of Optical Potentials

Method of Ernst-Shakin-Thaler
•In momentum space
•Generalized to non-Hermitian potentials
•Universal Rank-5 representation: 12C to 208Pb
•Allows to use all phenomenological Woods-Saxon based 
optical potentials in our q-space Faddeev equations
•EST projects out high-momentum off-shell components. 
•(spawned project at MSU to compare with SRG methods)
•Next:  coupling to excited states



A.M. Mukhamedzhanov, V.Eremenko and A.I. Sattarov,
Phys.Rev. C86 (2012) 034001  

Suggestion:

Solve Faddeev equations in Coulomb basis 

This implies calculation of integrals like

If                separable, then integral contains a smooth function and 

Very nasty!

Coulomb wave function in momentum space and pw decomposition

Pole at  pα = p’



Some insights on momentum space Coulomb wave functions: 
There are two representations:  pole and non-pole regions

Code will  eventually be published



Integral is oscillatory singular:



Singularity regularized with Gel’fand-Shilov method

Δ ∼ 10-6 – 10-4

Then contribution of 
pole region very small





Looks promising 



Faddeev Equations in Coulomb basis

Developing pw Coulomb wave functions in momentum space 
essential to distinguish pole and non-pole regions 
by use of different expansions of hypergeometric functions

Regularization of integrals over Coulomb wave function with 
Gel’fand-Shilov method
tested so far with Yamaguchi type functions 
for numerical and Mathematica cross checks

Next calculations with EST form factors 

Persistence of Neelam Upadhyay and Vasily Eremenko

TORUS postdocs
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