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1. FOUR-NUCLEON REACTIONS

The 4N scattering problem gives rise to the simplest set of nuclear reactions

that shows the complexity of heavier systems
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n3H → n3H

dominated by isospin T = 1

p3He → p3He
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T = 0 + T = 1
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n3He → n3He

→ p3H mixed isospin T = 0 and T = 1

→ dd



The Equations

We solve the Alt, Grassberger and Sandhas (AGS) equations

for transition operators (same as Yakubovsky eq. for the wave

function components).

In the symmetrized form they involve two coupled equations

(1 ≡ 3 + 1 2 ≡ 2 + 2)

U11
(R) = −(G0 t(R)G0)

−1 P34 − P34U
(R) G0 t(R)G0 U11

(R) + Ũ (R) G0 t(R)G0 U21
(R)

U21
(R) = (G0 t(R) G0)

−1 (1 − P34) + (1 − P34)U
(R) G0 t(R) G0 U11

(R)

for 1 + 3 → 1 + 3 and 1 + 3 → 2 + 2.



Likewise

U12
(R) = (G0 t(R)G0)

−1 − P34 U (R) G0 t(R)G0 U12
(R) + Ũ (R)G0 t(R)G0 U22

(R),

U22
(R) = (1 − P34)U

(R) G0 t(R)G0 U12
(R)

for 2 + 2 → 2 + 2 and 2 + 2 → 1 + 3.

U (R) = P G−1
0 + P t(R) G0 U (R) (1 + 3)

Ũ (R) = P̃ G−1
0 + P̃ t(R) G0 Ũ (R) (2 + 2)

P = P12 P23 + P13 P23

P̃ = P13 P24

are permutation operators.

R is the screening radius for the pp screened Coulomb potential.



Defining the initial/final (1+3) and (2+2) states

|χ(R)
1

> = G0 t(R) P |χ(R)
1

>

|χ(R)
2

> = G0 t(R) P̃ |χ(R)
2

>

The transition amplitudes are (α, β = 1, 2)

〈
→
pf |T αβ

(R)|
→
p i〉 = Sαβ〈χ(R)

α (
→
pf)|Uαβ

(R)|χ
(R)
β (pi)〉

S11 = 3; S21 =
√

3, S22 = 2, S12 = 2
√

3

The R → ∞ limit is taken in the same way as before, starting

with

T αβ
(R) = T c.m.

αR δαβ +
[

T αβ
(R) − T c.m.

αR δαβ

]

and renormalizing with [Zα
R]−

1
2 and [Zβ

R]−
1
2.



“Complexity Digest”

These are three-variable integral equations:

− Triple partial wave expansion;

− Triple discretization of Jacobi momenta;

− Gaussian integration;

− Spline interpolation;

− Include up to 15000 partial waves (combined 2N, 3N, 4N);

− System of > 108 linear equations (size of the kernel hhh 108 GB);

− Summing up the Neumann series by Padé method.



n-3H total cross section
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  (

fm
)

εt  (MeV)

AV18 N3LO
CD Bonn

INOY04

J=0

J=1

εt εα a0 a1 σt (0) σt (3.5)

AV18 7.621 24.24 4.28 3.71 1.88 2.33

Nijmegen II 7.653 24.50 4.27 3.71 1.87 2.31

Nijmegen I 7.734 24.94 4.25 3.69 1.85 2.30

N3LO 7.854 25.38 4.23 3.67 1.83 2.38

CD Bonn 7.998 26.11 4.17 3.63 1.79 2.28

INOY04 8.493 29.11 4.02 3.51 1.67 2.22



p-3He OBSERVABLES at Ep = 4 MeV
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p-3He scattering
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n-3He scattering
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p+ 3H → n+ 3He transfer
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2. THE FOUR-NUCLEON SYSTEM WITH

∆-ISOBAR EXCITATION

• We use the CD-Bonn + ∆ to generate effective three- and

four-nucleon forces in the 4N system.

• CD-Bonn + ∆ is a charge dependent realistic NN interaction

based on meson exchange (π, ρ, ω, σ) and fitted to the NN

data up to π production threshold with χ2/datum ≃ 1.

• Two-, three- and four-nucleon forces are consistent with each

other.



Hilbert space

∆

only single ∆ excitation:
relation to π production



Hamiltonian

CD Bonn + ∆

χ 2/datum = 1.02 for NN scattering undetermined 
by NN data

= 0



2N dispersive effect

less attractive 2N force in 4N system compared to
3N system: one more nucleon propagated



Effective 3N and 4N forces

Fujita-Miyazawa higher order 3N force

4N force



3N and 4N binding energies

3H 3He 4He
CD Bonn 8.00 7.26 26.18
CD Bonn + ∆ 8.28 7.54 27.10
exp 8.48 7.72 28.30
∆E2 -0.51 -0.48 -2.80
∆E3(FM) 0.50 0.48 2.25
∆E3(h.o.) 0.29 0.28 1.30
∆E4 0.17



n-3H total cross section
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∆ effects in n-3H scattering at En = 3.5 MeV

εt σS
t σP

t σt Amax
y

CD Bonn 8.00 0.975 1.308 2.283 0.364
CD Bonn + ∆ 8.28 0.958 1.172 2.130 0.345
exp 8.48 2.450
2N dispersion -0.51 0.036 -0.075 -0.039 -0.055
3NF(FM) 0.50 -0.035 -0.058 -0.094 0.022
3NF(h.o.) 0.29 -0.017 -0.004 -0.021 0.014
4NF <0.001 <0.001 <0.001 <0.001






